The applicability of wave-front correction by means of a bimorph mirror in conjunction with a curvature sensor is described. We use Zernike polynomials to describe the quality of the atmospheric-turbulence correction analytically. The match is limited by boundary conditions of the mirror and by the discreteness of the electrodes. The correction is limited by coupling of lower-and higher-order Zernike polynomials and necessitates an interfacing computer between the wave-front sensor and the bimorph mirror.
INTRODUCTION
Recently considerable interest has arisen with respect to the bimorph mirror as a wave-front-correcting device coupled directly to a curvature sensor. The interest exists because of the ability of the bimorph mirror (and also of the electrostatic membrane mirror) to act as a Poisson equation solver. This research examines some practical aspects of this concept. It is concerned with the bimorph mirror but can also be applied to the membrane mirror.
As we show below, the Laplacian of the mirror surface is proportional to the local voltage. The solution of the Poisson equation and therefore the duplication of the wave front is, however, possible only if adequate boundary conditions are applied. We examine two practical aspects in particular:
a. The possibility of applying boundary conditions with only the central area of a larger bimorph mirror as the optical aperture.
b. The use of discrete electrodes, which does not permit the application of a continuous voltage distribution.
BIMORPH MIRROR
The bimorph mirror that interests us is made of two thin layers that are bonded together.' One is made of a piezoelectric material, e.g., lead zirconium titanate (PZT, which is used in this paper to indicate all similar materials), and the other is made of an optically polished material (e.g., glass or silicon). We assume that the bonding is ideal, i.e., that the adhesive is of negligible thickness and that it does not relieve any shearing stresses. A thin conducting film deposited between the two layers acts as a common electrode, and the voltage is distributed via electrodes on the back of the PZT (see Fig. 1 ). Another possible configuration, which is more sensitive, is constructed of two layers of PZT that are oppositely poled and are bonded together. This configuration requires a piezoelectric material that can be polished to optical quality.
When voltage is applied to the mirror, the transverse piezoelectric effect leads to a variation in the area of the PZT. The other layer of the mirror does not react, and thus spherical bending occurs, much like the linear bending of a bimetallic strip under a temperature variation.
The thickness variation is small compared with the effect on the area.
The PZT layer need not be made from a continuous sheet. It can be composed of smaller elements that are much easier to produce. The electrodes can be made to be contiguous if they are square or hexagonal. Spaces can be left between the electrodes, and spaces will also occur if the electrodes are round. The electrodes cause local bending over their area, whereas areas between the electrodes, if not fully contiguous, take a shape that is caused by their bent boundaries.
VOLTAGE RESPONSE
A bimorph mirror responds to a voltage distribution that is applied to it according to the following differential equation,' subject to adequate boundary conditions:
where Z = Z(r,0) is the deflection of the mirror surface, V = V(r, 0) is the voltage distribution, and A is a constant that is related to the geometrical, mechanical, and piezoelectric properties of the mirror. This equation can be compared with the equation governing the bending of a thin plate under load:
where q = q(r, 0) is the load intensity (force per area) and H is the rigidity factor of the plate. According to standard textbooks on elasticity, 2 we can solve Eq. (2) in two stages by solving two Poisson equations:
where Mi = Mi(r, 0) is the bending moment in direction i = x, y and v is the Poisson ratio. conditions of a simple support, i.e., Z = 0 on the edge with no external moments, we obtain from Eq. (3a)
and by using Eq. (4) in Eq. (3b) we obtain
This differential equation, subject to the boundary conditions on Z, is of the form reached by Kokorowsky 3 and is equivalent to the equation of a membrane. The equation governing the deformation of the bimorph mirror clearly shows that the local Laplacian of the mirror surface is proportional to the local voltage.
A solution of a Poisson equation of the general form
in a circle of radius R with the above boundary condition
Applying a constant voltage over the entire mirror leads to a spherical surface of the form
Using the analogy of a bimetallic plate, we can derive an expression for A with the solutions for the bending of a round bimetallic plate':
A 12dl 3 (tl + t 2 )
where t is the thickness, E is the Young modulus (the relevant element of the tensor), and v, as above, is the Poisson ratio. Let us now assume that we have a wave-front curvature sensor as proposed by Roddier 7 (actually a Laplacian sensor) that is directly coupled to the mirror without any computational stage such as was originally proposed by Roddier. 7 We perform curvature sensing by subtracting intensity distributions that are measured in two planes in front of, and behind, the focal plane. We show now that such direct coupling leads to extra correction errors that cannot be eliminated without the use of an intermediate computer. In the following discussion we ignore any sensor noise considerations.
The voltage distribution that is the output of the sensor is given by
> a where W = W(r, 0) is the measured wave-front surface and a is the radius of the optical aperture. We apply this voltage distribution to the mirror and assume that we use a small central area for the actual correction, i.e., a << R.
In this way we attempt to deal with the boundaryconditions problem.' Here we also assume that we can apply a continuous voltage distribution. We include in A all the uniform amplification factors between the sensor and the mirror and also assume that any scale changes resulting from reimaging optics are implicit.
Neglecting smaller terms that contain R in the denominator, from Eq. (7) we obtain
aw (12) The form of this expression is similar to that of the solution of the Poisson equation. Let us examine it more closely. The general solution of the Poisson equa-
aP p=a dp p=a (13) where GG/p) is a suitable Green's function. The curvature sensor supplies us with Neumann boundary conditions. To yield a valid solution (up to an additive constant that is related to the mean deflection on the boundary), the Green's function must comply with the condition
8p p=a
The Green's function that is embedded in Eq. (13) has the form 4 (in polar coordinates)
This function has a radial derivative at the edge:
ap p=a a k= a (16) which does not comply with Eq. (14) . Therefore the mirror surface duplicates the wave-front surface up to a mismatch term that has the form
This form of the mismatch calls for the use of the Zernike polynomials expansion of aberrations.
The Zernike polynomials are a set of orthonormal functions in the unit circle that are suitable for the analysis of optical problems. A description of the Zernike set can be found in standard texts, 8 and their application to the problems of atmospheric propagation and adaptive optics was described in many papers. 9 -" In this study we follow the notation and the normalization convention that was introduced by Noll. 9 For completeness we cite in Appendix A some definitions and properties that we use. Below, n denotes the radial index, and m, the azimuthal index, of the polynomials. If we introduce a wave front of the form
j=1
we can see immediately that the isotropic aberrations (i.e., those of the azimuthal order m = 0) are fully corrected. This makes sense, since our boundary conditions for the entire mirror (Z = 0) are also isotropic. The aberrations of a higher azimuthal order induce a disturbance term of the form A correction of an aberration of an azimuthal order m leaves a residual aberration of the lowest radial order for that azimuthal order (for m = 1 tilt, for m = 2 astigmatism, and so on) with a factor that is related to the corrected-term radial order. This effect was previously' 2 detected computationally but was not explained analytically.
We can write the correcting wave front for the mth azimuthal order as
j=i where Zfm) is the Zernike polynomial of the aberration of the lowest radial order for the azimuthal order m (which is equal to m) and kj is a constant that is given by
(22) Equation (22) allows us to compute the residual meansquared error
where ( ) denotes the ensemble average over turbulencedegraded wave fronts and w(p) is the aperture function as defined in Appendix A. The result (see Appendix B) is
where (), the average of the wave-front phase, is assumed to be zero.
The terms that are included in the above sum can be calculated with the formulas that were derived by Noll. 9 Now we assume that the input wave front is degraded by atmospheric turbulence exhibiting the Kolmogorov power spectrum. We first assume an open-loop correction scheme, in which we sense the wave front and then correct it. A better approach is a closed-loop operation, in which the sensing is performed on the wave front after correction, which provides the deviations from the required wave front (see Fig. 2 ). The result (with no overall tilt correction) is
The computation was performed up to the fourth azimuthal order; hence the approximation. D = 2a is the diameter of the optical aperture, and r is the turbulence-where W is again the measured wave-front error. This term does not contribute to the lowest radial order for each azimuthal frequency, since the Laplacian for these terms is zero. A more substantial term (which couples high terms with low terms) is 1 f21da{I The above results are obtained for an ideal sensormirror combination for which the Laplacian of the wave front can be sensed continuously and for which the measured voltages can be applied continuously over the mirror surface. This is impossible in practice, and, as we shall see in Section 5, the discreteness in sensing and voltage application introduces errors that cannot be ignored.
Let us now consider the error that results from the finite size of the mirror. There are two aberration terms. We should take into consideration the practical limitations on the applied voltage: the maximum voltage that can be applied to the PZT without depoling it is of the order of 500-1000 V/mm. This voltage corresponds to a maximum curvature that depends on the actual parameters of the bimorph elements. The low aberrations would carry the largest amplitudes, so their correction might reach the maximum voltage. In this case the demands on the applied voltage can be somewhat alleviated if we use the area of the bimorph mirror outside the optical aperture.' 4 For example, let us consider the error that is introduced by tilt that is due to the finite size of the mirror:
where a 2 is the tilt (Z 2 ) expansion coefficient.
We can compensate for this error by applying, on the edge of the optical aperture, a voltage distribution that is proportional to a 2 (a/R) 2 . Outside the optical aperture we can apply the voltage on a circle of radius ka with a decrease in the required voltage by a factor of k 2 . Note that if we do add a computational phase the curvature sensor loses some of its charm, and we can use a conventional slope sensor (such as the Hartmann-Shack sensor), even though its performance is less efficient.' 4 The slope information can be used to derive both the wave front and its Laplacian.
We have assumed that the mirror is fixed on its perimeter with Z = 0. It is probably a demanding technical requirement, since the precision that is required is of the order of a wavelength. Errors would be insignificant for a large mirror but not for a practical one. In principle, it is possible to compensate for the mounting errors by applying voltage to the mirror at the price of a reduced dynamic range.
B. Central Support of the Mirror
Let us now consider another way of supporting the mirror. Most large astronomical telescopes are of the Cassegrain type with a central obscuration, so no correction is required in the center of the aperture. The mirror can therefore be supported on a central pole (see Fig. 3 ). We can use simple support boundary conditions on the inner boundary, whereas the outer edge is left free. sponse of the mirror in this case is given by Z(r, 6) = i -d4)jf pdp tlIn -.
The e re-
where we have again eliminated some constant terms and some terms in which R' appears in the numerator (R' is the radius of the inner boundary; R is the outer boundary). The output of the curvature sensor is
where a and b are the outer and the inner radii of the aperture.
The treatment continues in much the same way as that of the clear aperture. The difference is that the Zernike set is not orthonormal on an obscured aperture, and one should use the modified set that is described by Wang and Silva." This set is less convenient for analytical treatment but can be handled numerically.
As a summary to this section we note that the error terms that arise from the inner and the outer boundaries of both the utilized aperture and the (larger) bimorph mirror can be computed and that the appropriate compensating voltage distribution can be added to the curvaturesensor output.
FINITE-SIZE ELECTRODES
Until now we have assumed that the voltage that is applied to the mirror has a continuous distribution. This is technically impossible, since the electrodes are of finite size. Our examination will not be fully rigorous, but it does provide some insight.
We assume that the wave-front curvature is measured spatially on a very large periodic array of sampling detectors (averaging over an area equivalent to that of a piezoelectric element) and is then reconstructed by circular piezoelectric elements. If we neglect aliasing effects and utilize the Poisson equation that is obeyed by the mirror, then we obtain from linear-systems theory We can eliminate k 2 from the two sides of Eq. (32) and obtain a mirror response that can be approximated by the wave front doubly convolved with the electrode shape (with the above-stated approximations). We use this relation as an approximation for a finite system. Because we neglected the influence of the boundary terms, we examine the correction of aberrations of the zeroth azimuthal order, since they are not influenced by the boundary conditions. Another approximation results because the sampling array is finite. The implications of this are discussed below.
We find in Appendix C that the correction of the nth radial order (the amount of removable rms error that is related to this order) is given by 0.0046
< bp > a where x = Dd and D is the diameter of the aperture. The number of electrodes is -x 2 . By assuming that the limits of integration are from zero to infinity we neglect any inner and outer turbulence-scale considerations.
As an example, we show the correction of the first isotropic aberration orders. We define the correction as the ratio of the removed wave-front error relative to the full error that is contained in each aberration order. In Fig. 4 we plot the correction of the radial orders n = 2,4,6 (the results for low x values are ignored, since we assumed a large sampling array). Similar behavior is also expected for aberrations of higher azimuthal orders. We can estimate that, for a technically achievable x = 10, most of the error that is contained up to the fourth order can be corrected. Therefore overall error values, which are calculated in Section 4.A, can be obtained. Subtleties concerning the boundary conditions and the shape of the electrodes array should be dealt with numerically. 2 Here we should note that aliasing effects are important because they also introduce coupling between measured high terms and induced low terms in closed-loop operation. 2 Therefore higher aberrations, which cannot be corrected by the mirror, should be filtered out.
We should stress that these results are obtained for the case of matching ordered arrays of sampling detectors and reconstructing bimorph electrodes. A geometrical configuration that is specifically designed for the correction of low-order aberrations could achieve better results with fewer electrodes.' For completeness let us consider two more configurations. One is of a single bimorph element that is tip tilted and deformed to compensate for overall defocus. The overall squared error is'
A more complicated configuration is one in which a segmented mirror is composed of many independent bimorph elements, each of diameter d (and each of which has 3 degrees of freedom: piston, tip, and tilt). Here, following in the footsteps of Greenwood, 6 the error is given by e2
d
This algorithm can be represented in the matrix form
where v is the vector of the voltages that are applied to the mirror electrodes, s is the vector of the curvature or the slope signals, D is the matrix that yields the Zernike expansion coefficients, and M is the matrix for the voltage distribution. M can be computed analytically with the formulas that are derived above. One performs this by using Eq. (7) and then by taking into account the need to compensate for induced errors in expressions (19) and (28). Finally, MD can be combined into one matrix that can be precalculated for faster application. This interaction matrix can also be measured experimentally. 4 The above research helps to clarify the source of the off-diagonal terms and thus assists us in designing better detectorbimorph electrode configurations.
APPENDIX A
Here we present some definitions and properties of the Zernike polynomials by using the notations and the normalization conventions of Noll. 9 The polynomials are defined by
Rnm(r) are radial polynomials based on the Jacoby polynomials:
where r is a normalized coordinate on the unit circle andj is an ordering index that is a function of n and m. The orthonormality relation is
CONCLUSIONS
We have discussed some practical aspects of the bimorph mirror and its possible coupling to a curvature sensor (and other sensors). It seems possible to attain a high level of correction, up to the fourth Zernike radial order, by use of a mirror with -100 electrodes on a rectangular grid. The overall mean error can be decreased dramatically with fewer electrodes but will leave the higher-aberration orders uncorrected. The coupling of the bimorph mirror and the curvature sensor must be supplemented by corrections to the error terms that are computed above. This is done with a computational stage between the sensor and adaptive mirror. It is also possible to use the bimorph mirror with a slope sensor because the Zernike expansion of the wave front can be easily derived from the slopes.7 A suggested strategy is to derive the Zernike decomposition of the wave front and then to apply the appropriate voltage distribution to the mirror (including error corrections). The correction is performed up to the term that is corrected to our satisfaction. 
Qjeven(k,4O) = V2J(n+)
for m = 0.
Now we assume a Kolmogorov power spectrum for the atmospheric turbulence 9 :
where r is Fried's coherence length, defined by
Cn is the turbulence structure constant. Noll 9 derived correlation relations between the Zernike expansion coefficients of the atmospheric turbulence:
where i is the first radial order for the azimuthal order m related to the running index j. 
APPENDIX C
We calculate modified correlation terms between the Zernike coefficients to calculate the correction terms. We follow the procedure described by Noll. 9 The modified correlation terms are given by n -n' + 17/3)(n -n + 17/3 n + n' + 23/3) j -even j -j'odd * (A10)
The above relation contains a minor correction that was introduced by Wang and Markey." 0 The coefficients aj are considered to be Gaussian random variables with a zero mean.
APPENDIX B
We derive an expression for the residual mean-squared error of the bimorph according to the definitions and the assumptions that are given in Section 4.A:
where Z' is the aberration term that is modified by the response function. C(Rp, Rp') is the covariance function: 
C(R-P) R; ) = (1Y(RP)1P*(R; )) -

